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Dynamics of quantum field theory can be formulated by functional equations. To develop a com­
plete functional quantum theory one has to describe the physical information by functional opera­
tions. One of the most important physical information of elementary particle physics is the S-matrix. 
To derive a functional expression for this quantity the potential scattering model is studied. A func­
tional S-matrix is defined and its equivalence with the ordinary S-matrix definition in physical 
Hilbert space is proven. Also a calculational method for scattering functionals is proposed. In the 
appendices technical details are discussed.

In quantum field theory, especially in nonlinear 
spinor theory of elementary particles *, the dynami­
cal behaviour of the physical systems can be de­
scribed by functionals of field operators in a Heisen­
berg representation and corresponding functional 
equations 2~ 6. Using this representation of quantum 
dynamics it is suggesting to develop a functional 
quantum theory where all informations to be ob­
tainable by conventional quantum theory can be ex­
pressed in terms of functional operations. A first 
attempt in this direction has been made by the intro­
duction of an appropriate scalar product definition 
for physical state functionals7-9 . This definition 
was shown to allow a mapping of the physical Hil­
bert space on to the corresponding functional Hilbert 
space ',8 . But functional quantum theory, especially 
for elementary particles, requires more specific in­
formation than so far has been given. One of the 
most important quantities of elementary particle 
physics defined by scalar product expressions is the 
5-matrix. Therefore in functional quantum theory 
of elementary particles one would like to construct 
a functional representation of the 5-matrix. Natu­
rally, to realize this program, one may not start 
with relativistic spinor theory itself. Rather it is 
very instructive for a first step in this direction to

H { t )  =  -  J  W ( M )  W ( M )  d r  +  J V ( I .
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use an unproblematic completely transparent prob­
lem like potential scattering for a test investigation. 
In this case a rigorous proof of the equivalence of 
the functional and the ordinary 5-matrix definition 
can be given. This is undertaken in this paper. But, 
to avoid lengthy deductions, not all steps of the 
proof are discussed in detail. Rather the investiga­
tion is confined to the essential points in order to 
demonstrate what really happens. So the treatment 
given here has to be improved further. As will be 
shown in a following paper, the method can be ex­
tended to nonlinear spinor theory too. The only dif­
ference between nonrelativistic and relativistic theo­
ry will turn out to be, that the latter requires more 
unproven although physically plausible assumptions 
than the former. In the following h =  c =  1 is used 
and for brevity the mass of the particles is assumed 
to be 1/2 in the chosen system of units.

1. Interacting Matter Field

To describe potential scattering by functionals 
we discuss first the field-theoretic description in or­
dinary i. e. physical Hilbert space. Assuming a mat­
ter field operator y j ( x , t ) , potential scattering in 
terms of this field operator is characterized by the 
Hamiltonian

t ) y j +( x ' , t )  V ( x - x ' )  y ( x ' , t ) y j ( x , t ) d x d x '  (1.1)
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where 'ip+ is the Hermitean conjugate of t/’ and V (r) 
is a sufficient rapidly decreasing potential. Because 
of the time independence of the matter field inter­
action H ( t ) =  H (0) for arbitrary t. The commuta­
tion relation

[ V ( x , ( )  y + ( r ' , ! ) ] -  - Ä ( t - l ' )  1  (1 .2 )

is assumed, and all other commutators vanish. Then 
from ( 1 . 1 ) and ( 1 .2 ) follows by usual procedures 
the field equation

( 1 37 +Z,) ^ (r’ *> (1.3)
-  J y;+(r'*) t) F ( r ' - r )  d r = 0 .

To describe the states of this system we assume 
further the true ground state ! 0 ) of the system to be

identical with the bare vacuum and

v ( r , t )  | 0 ) = 0 .  (1.4)

Then the n particle states a)  of the system are 
given by

I a ) =  J 9 â( l̂ • • • n̂) (n 0  ^
xrp+(x1 o ) . . .  y>+ {xn 0) 1 0 ) drx . . .  dr„ (1.5)

where the cpa are the “wave” functions of the sys­
tem. Therefore by these assumptions we describe the 
motion of undressed point particles being the con­
dition for potential scattering.

For the following it is useful to introduce space 
like Fourier transforms by

y j ( r, i) =  (2 ti) _5/2 J exp{ — i f r} y  ( t , t )  df (1.6)

leading to the commutation relation

[ ? ( ( , « )  1  ( 1 .7 )

and to the field equation

( ; di - p ) *<*•*>- s r ( i r , r ,  r >  v+( r , t ) v ( r , t ) v ( r , t )  dr d r  d r = o  (i.s) 

with v ( i r , r , t'"):= d ( t + r - r - D  a . 9)

where V is the Fouriertransformed potential.
For the functional treatment of this system we define A1: = ip and A2:=W+. Then the generating 

functional reads
2 » ( / ) : - < 0 | r  exp{i J A a(f,  I) ;„(!, t)  df d(} | a)  ( 1 .10 )

with the corresponding functional equation

3 7 +  öjß(f,t) ~ö(y) (1.11)

d « c *  i v n r . r . n  ^  ( r , t )  a r d r a r + D a ß h « , ,>

derived by the usual procedure 10 where the matri- have to be satisfied additionally, where Ea , pa is the
ces are given by energy-momentum vector of the state | a ) .  To avoid
D / - i 0 \  n  /0 0\ n / o i\ / -j -i r>\ unnecessary indices we introduce the vector descrip-
d  : =  ( o i )  j C  : =  U  o ) ,  LJ:  =  ( _ !  o )  • (  a a  \  j  ^  i  • • \tion by : = ( A 1 A 2) and yS’- = { h J o ) .  With this
For stationary state functionals the subsidiary con- abbreviation the state functionals can be written

diti0ns $.(3):-<0|rexp{i/St(f,<) 8(f,l) df d/> | a).  

S i A l t )  4 y  T~y,  dfdtX„U)  -£(£„-£,) % M  (1'15>
1 ’ ' ( 1 1 3 j As we shall see later, it is convenient to enclose the

an(j whole system in a large but finite box with periodic
r boundary conditions. Then the integration over the

J ;„((, 0 f - m r t df d* %° <f> - - ( )> « -  i’o) 2« O')
° J a \ X , t )  10 W. S c h u l e r  and H. S tu m p f , Z. Naturforsch. 22a, 1842

(1.14) [1967].
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f-range is changed into a summation over discrete 
f-values. Finally one may perform the limit to in­
finite volume i. e. the original description.

2. Asym ptotic Free Fields

For the purpose of 5-matrix construction we con­
sider the asymptotic fields of ingoing and outgoing 
free particles. Denoting theirmatter field operator 
by their Hamiltonian reads

H ( {t) =  -  J V z +(r,*) V * ( M )  d r ,  (2 .1 )

where / + is the Hermitean conjugate of It is 
H (t ) =  H  (0) and the commutation relation

[ z ( M ) * +(r ' , < ) ] -  = « ( r - r ' )  1  (2 .2 )

is assumed, while all other commutators vanish. 
Then from (2.1) and (2.2) follows the field equa­
tion

3
d t

+  A j z ( x , t )  = 0 (2.3)

and it is assumed
z ( t , t )  | 0 )  = 0  . (2.4)

Introducing space like Fouriertransforms by
/ ( r ,  0 =  (2 7i) -5/* J exp{ -  i ! r} x  (f, t) df (2.5)

the commutation relation (2 .2 ) is transformed into

[ X i l t )  *  + ( f ' , * ) l -  =  a ( ! - f )  1  (2 .6 )

with the Hamilton operator

H M  =  J o > (f)z  + ( f ,( )  X (f ,<) df (2.7)
and the field equation

3
3 1

co(f) X ( l t ) =  0 (2 .8 )

where o_>(f):= f2.
Therefore by this transformation the system is 

represented by a set of uncoupled harmonic oscil­
lators. Assuming the system to be enclosed in a 
large but finite box with periodic boundary condi­
tions, the f-vectors become discrete and the eigen­
states of the system are given by

d l )  = nN, =  F [  ( " ; !)
2 = 1 (2 .9 )

where the index i characterizes the discrete set of 
f-values. For the functional description of this sys­
tem we define B1: = x  and = X+• Then the gene­
rating functional reads

2 *  ( / ) :  =  <0 | T  exp {i J B„( f, () j a i l ,  I) df d(} I J t )
(2 .1 0 )

with the corresponding functional equation

d t  S ”'5 +  ' ° (f) 6 "s )  ö j e ( f , i )  

=  D aß j s ( t , t )  % l t ( j )

s:?. ( / )

(2 .1 1 )

and the stationarity conditions (1 .1 3 ) , (1 .14) valid 
also for Xgj . For periodic boundary conditions the 
f-integrals degenerate to summations over discrete 
f-values. For the solution of (2 .1 1 ) we observe 
(2 .1 1 ) to be an uncoupled equation with regard to 
the f-values. Therefore for discrete f-values a solu­
tion is given by

2 »  ( 3 )  =  n  2 » i ( 3 i )  ( 2 . 1 2 ) 
i

where the X«; are single harmonic oscillator func­
tionals and we introduced vector variables

The general prescription for the formation of a 
functional scalar product7’ 8 can be applied to the 
special case of a harmonic oscillator9. Therefore 
the functional scalar product between two state- 
functionals Xff and Xgy can be defined according 
to Appendix I by

<2& ( 3 )  2 « '  ( 3 )  > =  n  ( 2 „ , ( 3 i )  2 » - i (3 i)  > (2 .1 3 ) 
i

i. e. the scalar product between two state functionals 
of the ensemble of harmonic oscillators is the pro­
duct of the single harmonic oscillator scalar pro­
ducts. These products are

< £ .|(3 i )  £ .'< (& ))  (2 .14)
=  J exp{ -  J^5j(f) ©jf (f, t )  % { t )  dfdf'}
x r - H N i )  Z i m  r ~ H N t) d t ( 3 ,)

where the © /  are discussed in Appendix I. In 9 it 
is shown that the single harmonic oscillator func­
tionals are orthonormalized with regard to the sca­
lar product definition (2 .1 4 ). Then by (2 .13) fol­
lows

(Xfj (3 )  &  ( 3 ) }  =  < W , • • • (2 .15)

In (2.9) resp. (2.12) the states are characterized 
by a quantum number representation. But as is 
known a particle number representation can be 
used equally well describing the distribution of the 
various quanta over the f-range of the set of oscil-

N

lators. With 3  ni =  m the number of quanta present
i = 1

in the set is m.
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This leads to a representation by with the orthonormality relations

S I L , ,  ( 3 ) » s i , - . * .  ( 3 )  (2 .16) < £ & (3 ) 2 ^ ( 3 ) >-<>,»«*,*-, (2.17)

where $  is the abbreviation of fj . . .  fm .

3. S-Matrix Construction

To construct the 5-matrix we have to introduce som e definitions first. Functionals like ( 1 .10 ) or (2 .10 ) 
are defined for Heisenberg states at the time t =  0. More generally functionals can be defined by

2 . ( 3 , # ) :  - < 0 ! r e x p { , - J 3 t ( f , 0 3 ( 1 , 0  d f d < } | « ( 0 ) )  (3 .1 )

where ! a ( $ ) )  is a Schrödinger state at an arbitrary time # . Defining the scalar product for Heisenberg 
functionals by

( Z a ( %  0) % „ ( %  0 ) ) :  =  J exp{ -  3 - 0 ( 0 )  - 3 }  r ~ '  % :  ( 3 ,  0) r - >  S > (3 ,  0) dr ( 3 )  (3 .2 ) 

with 3 - ® ( 0 ) - 3 ; - J 3 ( f , 0  @ ( f , i , f ' , / )  3 (f',«') d fd id f 'd ! ' (3 .3 )

the more general scalar product expression for Schrödinger functionals is given by

< 2 . ( 3 , 0 ) 2 6 ( 3 , # )> » :  =  J' eXp { - 3 - ® ( # ) - 3 } r - > 2 ^  ( 3 , # ) r - ‘ 2 » ( 3 , # ) d t ( 3 )  (3 .4 )

with © ( $ )  : =  © (f , t — ft, f ,  t —$ ) .  (3.5)

It can be shown that (Xa(3> # ) £*>(& # )  )* =  (X a(3i, 0) £& (&  0) ) (3.6)

for arbitrary d  is valid. The proof is given in Appendix II.
Further the advanced and retarded functionals are required. They are defined by

( 3 , » )  : =  (0  I T  exp{ i J 2 1 (1 ,0  3 ( 1 ,  0  d f  d(> I « < * > (# )) (3 .7 )

where j  a{±">{&)) are the corresponding advanced resp. retarded Schrödinger states. Then we have ac­
cording to (3.6)

( S ^ 1 ( 3 , o ) 2 (, - > ( 3 ,  o ) ) =  <SSt+ ) ( 3 , « )  X f c > ( 3 ,Q )  ) t  (3 .8 )

where ^  and are the sets of quantum numbers of the ingoing resp. outgoing free particles which 
characterize the advanced and retarded states resp. functionals completly.

By direct evaluation we obtain according to 7

J TS«) (fl t l . . .  f* tfc) t  (fi t l  . . A l  t l )  

x  W i k  ti t i  h ' ) . . .  m t l - i t - i  h'  t { )  dft d t i . . .  d! /  d t {  (3.9) 

where the generalized time ordered products for Schrödigner states are labelled with $  and

(f, t, f ,  t ) : =  & - 1 (!, t -  r ,  t ' - & ) .  (3.10)

Although we calculate the scalar product for interacting field functionals, we assume now ©  =  i. e. 
we use the weightfunction of free fields for the evaluation of the functional scalar products (3 .1 0 ). This 
assumption shall be justified later. Using © f one observes that the corresponding 9 ^  is essentially unequal 
zero only in a small region around the points t =  ft and t ='&.  This is discussed in detail in Appendix I. 
As a consequence of this property the integration in (3 .9) is confined essentially to a small region around 
the points t t =  . . .  =  tk =  t{ . . .  =  t {  =  d.  Writing for t =  ft +  £

( f ,  «, . . . f t  «*) =  T<&> ( f „  #  +  £ „ . . .  f*, & +  £*) (3 .1 1 )

we may introduce a spectral decomposition with

T&>(I,«,...f*l*)=P I  2 (0|3t(fi„ d  + ell) | mi>... <m_1|St(f1, , d  + £1,)|oS(± , (ö)) 0 ( £ v . . £l>)
X\...Ik mi...mk

( 3 .1 2 )

:S,+>( 3 , # )  2 V ( 3 , # ) > * = k,l,j, (A:! /!) -
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where the ma) are a complete system of intermediate states. Further we have

and lim

lim a(H' ) (&)) =  j $')

a[i+ ) ( # ) } =  2 S f t * " l $ " >

(3.13)

(3.14)

i. e. the ingoing and outgoing states are decomposed into free particle states, leading in this way by (3.14) 
to the definition of the 5-matrix. Now we assume the L.S.Z. asymptotic condition to be valid u . For 
simplicity we use local field operators instead of quasilocal ones. Then this condition reads

lim ( m a j 2I(f, ft +  e) j m,ß) =  lim ( m a j 33(f, $  +  £) | niß) (3.15)
# - * -O C  —y  o c

for any finite e and we obtain by substitution of (3 .1 3 ), (3 .1 4 ) , (3 .15) into (3.12)

lim 4+d} (fj t x . . .  t k tk) =  lim 2  Sfi«" P 2  (0 1 95(1*, , ft +  eh ) . . .  33(!Afc , ft +  £**) | ®") 6  (^  t . . .  eXk)
! ? - > O C  f t '

=  l im 2  Sstst'

and l i m r y  ( t t' t / . - . f , ' ( , ' )  =  lim P 2  (0  | S ( C , , »  +  e ’n ) . . .  % ( t ' „ , »  +  e ’M) | S ')  6 ( e ’M,.
&—>-OC &-+OC fil-.-Hl

=  lim (?! , ft +  . . • ti , ft  +  ).

(3.16)

• /«)

(3.17)

Because in (3.9) the integration runs only over a 
small region around ft for each t and t variable, 
we are allowed to substitute the functions in (3.9) 
by their limes expressions (3.16) and (3 .1 7 ) . But 
this leads exactly to the relation

lim (2 i +) (3 , # )  £ ä t )  (3 , #) >*,f , 3 1 0 ,
d^-oc ( o . l o )

= Z 5.«r- lim ($£» (3, 0) 2 f,- (3, (?) ) ,
f t "  $ —>-oc

where the index f on the left side of (3 .18) indi­
cates that this product is formed by © f. N o w t for 
free fields the scalar product is given by (2 .1 7 ) . In­
serting this into (3.18) and observing (3.8) we ob­
tain finally

S = Si,+ > ( 3 , 0 ) n - ) ( 3 ,  o) (3 .19)

Therefore we see that we obtain the 5-matrix by 
funcional scalar-products using the weight function 
for free fields, which justifies our assumption about 
©  made before. It is essentially this feature which 
enables ourself to perform scattering calculations by 
means of functionals not only theoretically but also 
numerically because © f is explicitly known. Another 
question is the expliict calculation of scattering 
functionals themselves from given initial conditions 
of outgoing resp. ingoing particle states to be scat­
tered. This question shall be discussed in the next 
section.

4. Calculation of Scattering Functionals

In the preceding section we derived the functional 
representation of the 5-matrix using the exact scat­
tering functionals. But to complete functional quan­
tum theory of scattering also a ealculational method 
for the explicit construction of scattering functio­
nals is required. This is provided by the method of 
least squares applied already successfully to Bethe- 
Salpeter boundstate and scattering problem s12,13 
and proposed for the functional equation in '. To 
apply this method to functional scattering problems, 
one has to know the appropriate boundary or initial 
conditions which have to be satisfied by scattering 
functionals themselves. To derive them we consider 
first the scattering states in physical Hilbert space. 
It is sufficient to consider only two particle scatter­
ing states. All other cases can be treated on the 
same pattern. The two particle states read

1 4 ±} (0) ) :  =  j  9»i±) (r, r2) v>+ (r, 0) </-+ (r2 0)
• | 0 ) d r 1dr2 . (4.1)

According to Schrödinger theory $ * with $  =  
(f1 f2) can be calculated and has the general form

' t i , :  (r,  r2) = exp,  - m ,  f ,  +  r2 f,)

#!,£> (r, v.,) (4.2)

11 R. H a g e d o r n ,  Fortschr. Phys., 5. Sonderband, 1963.
12 K. L a d a n y i ,  N u o v o  Cim. 56 Ä, 173 [1968],

13 K. Ladanyi, Nuovo Cim. 61 A. 173 [1969].
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where the first term describes the outgoing resp. in­
going particles while the second term is due to their 
mutual interaction. Substituting this into the defini­
tion of the scattering functionals (3 .7) for # =  0 
we obtain

2 m ,’ ( 3 .  0) =  (0 exp {/ J 31 (f, () S ( f ,  t) df dl}
A , ( f , 0) A s ( t ,  0) I 0 ) ( 3 ,  0) (4.3)

where S' contains that part of the functional coming 
from 0 .  The further evaluation of (4 .3) can be 
done by observing

21 (f, t) =  e ~ iHt 21 (!, 0) eim (4.4)

and 2 ? (f,i)  =  e - iH'* I Q & O )  eiĤ . (4.5)

Now for t =  0 the free field operators 3̂  and the 
interacting field operators 21 are equivalent because 
they obey the same commutation relation and can 
be defined in the same Hilbert space. Therefore it 
is 21 (f, 0) = 3 3 (f , 0) and we may write the Hamil­
tonian ( 1 .1 )

H =  H { +  V  (4.6)

where V is the interaction operator. From this fol­
lows

2T(f,t) =  e ~ i y t % ( t , t )  em  (4.7)

in the interaction representation and by evaluating 
the exponentials we have

2I(f,*) =  <B(f,*) + f t ( f , 0  (4.8)

where 91 (f, t) is defined by the remaining power 
series terms of (4 .7 ) . Its explicit form is not re­
quired. Replacing in (4 .3) A 2( f j 0 )  by Z?2(ff0 ) and 
substituting (4.8) an expansion of the exponential 
shows that (4 .3) can be written

St.T,’ ( 3 ,0 )  =  ( 3 ,0 )  +  ®j£> ( 3 ,0 )  (4.9)

where 'O' contains ß  and all other terms with at least 
one R  operator. So we see, that also the scattering 
functionals can be separated into one part describ­
ing the free in- or outgoing particles and another 
resulting of their mutual interaction. Applying now 
the variational principle we symmetrize the opera­
tor equation according to 10’ 14, write it in the sym­
bolic notation

°  3 ,  Tied 2 ^ ’ ( 3 , 0 ) =  0 (4 .10)

and require

For trial functionals we use the approximate func­
tionals

S  ( 3 ,  o) = 2 k  ( 3 ,  o) +  $ & >  ( 3 , 0) (4 .12)

where the index N  means truncation in the usual 
w ay7’ 10, 14. But now, contrary to the eigenvalue 
calculation, we are only free to vary the interaction 
functional » while the functional is a fix­
ed boundary condition which forces the functional 

to become a scattering functional describing 
in an outgoing particles with momentum , f2 • 
Finally we mention that in the Heisenberg represen­
tation the advanced and retarded functions and 
functionals are calculated by the same equations. 
Their distinction results only from their derivation 
in the Schrödinger picture but not from their cal­
culation.
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Appendix I

In this appendix we shall discuss the functional 
treatment of single harmonic oscillators and en­
sembles of them. We discuss first a single harmonic 
oscillator. Usually for the functional representation 
the dynamical variables q =  and p  =  i/a2 are used, 
and the functional is defined by

$n(A ) : =  (0 J T  exp{z J \pa(t) ha( t ) df} n)  ( 1 .1 )

where n)  is an eigenstate of the harmonic oscil­
lator. But in the preceding section we used creation- 
and destruction operators a and a+ with the defini­
tion a =  B x and a+ =  B2 , and the corresponding 
functional was defined by

2 «  (/') : =  (0  T  exp{i J' Ba(t) j a( t ) d t )  ! n ) .  (1.2)

The relation between both definitions is achieved 
by means of the canonical transformation

Ba (t) =  K aßy.>ß (t) (1.3)

l  N m

] / 2  \j/70 — i/yco)
with (1.4)

O  ( 3 ,  ~^r) (3> 0) jf =  min (4 .11) 14 W . S c h u l e r  a n d  H .  S t u m p f , Z . N a t u r f o r s d i .  2 3  a ,  9 0 2
[ 1 9 6 8 ] .
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where co is the frequency of the harmonic oscillator. 
Defining then

K i t )  = j ß { t )  K ßa (1.5)
we have (h)  =  %£ (/) ( 1 .6)

and all results for the ^’-representation can be trans­
formed into the ^-representation. In the T/'-represen- 
tation the scalar product is defined by

<3& (h)  Xn (h) ) =
J ' exp{ — J h j t )  H[ß ( t , t )  hß(t ' )  dt  d t )  

x r - 1 ^  (A) (A) dr (A) (1.7)

where the weight function H faß (t , t )  has to be real 
and symmetric in the variables t and t .  Moreover 
it has to generate a positive symmetric form for the 
real functions hn(t) out of the space S  (the infini­
tely often differentiable functions which decrease 
faster at infinity than any power of their argument 
together with all their derivatives).

For the special choice

Hiß  ( t , t ) =  d ( t - t )  g ( t ) D aß (1.8)

with g{ t )  real, positive and J g ~ x(t) d i< o o  and

D -  Co“  " ,

the function g{ t )  can be calculated to give 9
( X I  ( h ) X i . ( h ) )  =  » „ ' .  (1.9)

Transforming the Ba we recognize that d r ( h ) =  dx(j) 
and the functional scalar product (1.7) goes over 
into

<£t' 0 )  21, O') >
=  f exp{ — J/„(0  Gi/  (t, t ’) j i  (/') d i d / }  (1.10)

x r - » 2 p  (/) r - ' % i  0 )  drO)
with

G^'ß' ( t , t ) =  K a’a Hiß ( t , t )  K  ßß' (1.11)

which becomes using (1 .8)

G U ( t , t ’) = 6 ( t - i ) & „ , g ( t ) .  ( I . l la )

Of course (1.9) is valid also in the transformed re­
presentation

( 2 S -0 ) S t  0 ) ( 1 .12 )

According to ' the reciprocal introduced in 
(3.10) are defined by

S R l p ( t , t " )  G fß ö ( t " t ) dt" =  da6ö ( t - t ' )  (1.13)

and from this follows that R  has to be

K ß  (t, t )  =  öaß S ( t -  t )  g ~ x ( t ) . (1.14)

The translated reciprocals (3 .10) are given then by

R % ( t , t ' ) = R i f ( t - # , t ' - » )  (1.15)

satisfying the relation

(«,(") cJ5 («",«') dt"=dai d ( t - t )  (i.i6)
Now according to (1.8) and 9 g - 1 (f) has to be a 
rapidly decreasing function. Therefore approxima­
tely we use only the first term in an expansion of 
g ~ 1(t) in harmonic oscillator functions fn{t)

R $  (t, t )  ~ d aßö ( l  -  t )  / „ ( I -  # )  (1.17)

where j 0(t) is the ground-state function of the har­
monic oscillator. This function is centered around 
the origin and therefore f o ( t - ' O )  is a Gaussian 
weight function centered around t =  $ .

Considering an ensemble of uncoupled harmonic 
oscillators with the creation- and destruction opera­
tors Bx (k)  and B2 (k)  according to (2 .12) the en­
semble functional is defined by

2 9! 0 ) :  =  (0  I T  exp{; 2  J B A f, t)  i ( U  t ) dl> I J?)

(1.18)

where 9?) are the ensemble states defined in (2 .9 ). 
We show first by an argument independent of sec­
tion 2 that (1.18) decomposes into the product of 
single harmonic oscillator functionals. Applying the 
Wick rule (1.18) goes over into

i j )  =  exp ( 2  J j A h  t)  F aß( t k t, ! ; / t )  j ß ( t X' t )  d« d*'} < H t (/)
X X '

with (/’) :  =  (0  ! N  exp{? y  J Ba( l x t) d*} ] 9?).

(1.19)

(1 .20)

Observing now for uncoupled oscillators the relations

Fat a > , t , h ' t ) = ö u w  /■ „ ,((-< ', fj) and |3 ? ) = |n 1 ) x . . . x | n . v )  ( 1 .2 1 , 22)

from (1.17) follows immediately 2$; (/) =  / J  X«, ( / ,) .  (1.23)

This decomposition can be used for the evaluation of scalar products. In general the scalar product for 
the ensemble functional should be defined by
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( j ) O ') ) =  J e x p { -  2 J  j j t i  I) C i f  (f ;  t ,  t )  « ( f i - 1 ) i t  d t ' }

x  U  r - ' m  % &  ( / )  J ]  r - H N i-) x i , -  (I )  7 7  * ( / „ )  ( I '24 )
x = l

with ŷ (0 : =  for discrete fu .

But now the decomposition (1.23) suggests to 
choose

Gii, ( f ,* ,f i •(') = ^ - ^ ( « - ! ' ) s « )  <3.« (1.25) 

which results into 

( S V  01  Sfc ( / ) )  =  f l  (2 .V  (A) S L  ( / i ) ) (1.26) 
;.=i

Then R & is given by

Rtß  (fi t, fi- (') -  < W  d ( t - t )  &) &.s  (1.27)

and the same arguments are valid as for (1.15). 
For the limit of continuous f the definition of (1.24) 
has to be proven to make sense. In this case the 
scalar product shall be defined by the limiting ex­
pression of (1.26) which exists because of the ortho­
normality condition ( 1 .1 2 ) of the different states.

A ppendix  II

To prove the equality (3.6) i. e. to prove the 
invariance of the functional scalar product for dif­
ferent times 0  we consider first for convenience the 
special case of the norm expression || % (3 , 0 ) ||#2. 
Because in the following proof the dependence of
3  and 21 on ! does not play any role, we omit these 
variables and write in a selfexplanatory way

1 2 ( 3 .  0) 111= fe x p { -  J 3 W  3(<') d(d('}
x | r ~ ‘ (A ')2 :(S ,0 ) |2dT(3). ( i i . i )

Substituting the definition of the weight function 
and the functional we may write

IIX  ( 3 , 0 )  111
=  J exp{  -  J  3  (*) ® ( t - f t , t ' -  0 )  3  ( t )  d t  d f'}  

x | r - 1( V) ( 0 | 7 ’ (II.2)
X ex p { i J 21(f) 3 ( f )  df} I a ( f t )  )j2 d r ( 3 ) .

Substituting now the new variables £ =  t  — ft for all 
t  integrations we obtain

112(3,0)111
=  J exp{ -  J 3 ( £  +  0 )  © (£ £ ')  3 ( £ '  +  0 ) d £ d |'}  

x I Z"“ 1 (Â ) (0  I r  (II.3)

x e x p { i  J 91(f) (1 +  0 )  3 ( £  +  0 ) d |} | a {ft) ) | 2 d r ( 3 ) .

Now we replace the source functions 3 ( £  +  0 ) by

£ ( £ ) :  = 3 ( £  +  0 )  (II.4)

being a set of new source functions. Introducing 
for an intermediate step a rigged Hilbert space re­
presentation, we have

3 ( f )  = l e u  M D  ( i i .5)
a n d  £ ( f ) =  Z e * /* (£  +  # ) .  (11.6)

Expanding the set /* (£  +  0 )  by the set /*•(*) we ob­
tain a unitary transfromation

M£ + 0)=  z»*i(0)/i(£) (II.7)
I

resulting in

$ ( f )  = 2  at »« (#)  /i(f)  = 2  st'IM) • (ii*8)
k,l I

Now because of the unitarity it is dr(^) = d r ({ /)  
and turning back to the original representation of 3  
and ,£) we have d r (3 )  =  dr(^)) therefore (II.3) can 
be written

II 2 ( 3 , 0)111
=  |  exp{ -  J £ ( £ )  © (£ , £') £ (£ ')  d£d£'}  

x | r - l ( ^ v ) ( o |r  ( i i.9 )
X exp{t j  21(1 +  0 )  £ ( £ )  d£} I a( f t )  )|2 dr (^p). 

Observing finally

21(1 +  0 ) =  e~'w 2l(£ )  ei m  (1 1 .10 )

with <0 | e - ,7W= ( 0 | ( 1 1 .1 1 )

and ei m  \ a (ft) ) =  | a (0) ) ( 11 .12 )

wTe obtain from (II.9)

II £ ( 3 ,0 ) 1 ?
=  J e x p { -  J $ ( f )  © (£ ,£ ')  $ ( f )  d fd f '}  

x  j r ~ H N )  (0  17- (11.13)
x e x p { ;J  21(f) f i ( f )  d f}  a (0 ) )!2dr(£i) 

and from this follows

IIX(3.0)11 -l|2($,o)||8  = I$(3,o)I? (H.14)
because the evaluation of the integral does not de­
pend upon the symbol used for the sources. As one 
recognizes easily the proof does not depend on the 
use of a norm expression. Rather one could have 
used a scalar product equally well. Therefore (3.5) 
has been proven.


